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Abstract
The Kuratowski notation YτK means that every map g :A→K defined on a closed subset A of
a space Y can be extended to a map g¯ :Y →K . We define the extension property YτS , where S is
an ANR-system. We investigate some properties of the relation YτS . In particular, the sum theorem
is proved for the class of spaces Y such that YτS . The relation YτS can be used for the definition
of the counterpart of the Dranishnikov extension dimension. Ó 2000 Elsevier Science B.V. All rights
reserved.
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1. Introduction
The Kuratowski notation YτX means that every map g :A→ X defined on a closed
subset A of a space Y can be extended to a map g¯ :Y → X. The relation τ plays an
important role in the extension dimension theory created by Dranishnikov.
For a map f :X→X′ the notation Yτf means that for any map g :A→X defined on
a closed subset A of a space Y there is a map g¯ :Y →X′ such that fg = g¯|A. Evidently,
YτX is equivalent to Yτ1X.
A special case of this definition is obtained for f being an inclusion map X ↪→ X′ (in
this case the notation Yτ(X,X′) is used). The following class of compacta is introduced
by Dranishnikov and Repovš [5]. Let T = (S1 × S1)\ IntB be a 2-torus with a hole
(obtained by removing the disk B) and ∂T its boundary. A space X is called non-Abelian
if Xτ(T , ∂T ).
The aim of this note is an attempt to define appropriately the relation YτK for an
arbitrary space K , not necessary for K ∈ ANR.
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2. ANR-sequences
Throughout this paper all spaces are metrizable separable, all maps are continuous. By
an ANR-sequence we understand an inverse system S = {Xi,pji } over positive integers
such that Xi ∈ ANR. All the notions concerning ANR-systems that we need here can be
found in [2]; we recall some of them for the sake of convenience.
A morphism of an ANR-sequence S = {Xi,pji } into an ANR-sequence Ŝ = {X̂i, pˆji }
is a pair (α, (fi)), where α :N→ N is an increasing map and the sequence of maps
fi :Xα(i)→ X̂i satisfies the condition
fip
α(j)
α(i) ∼ pˆji fj for every i 6 j.
The composition (β, (gi)) ◦ (α, (fi)) of two morphisms of ANR-systems is defined as
(βα, (gα(j)fj )).
Two morphisms (α, (fi)) and (β, (gi)) of an ANR-sequence S = {Xi,pji } into an ANR-
sequence Ŝ = {X̂i, pˆji } are called homotopic, if for every i there exists j >max{α(i), β(i)}
such that fipjα(i) = gipjβ(i).
An ANR-sequence S = {Xi,pji } homotopy dominates an ANR-sequence Ŝ = {X̂i, pˆji },
if there exist morphisms (α, (fi)) :S→ Ŝ and (β, (gi)) : Ŝ→ S such that the composition
(α, (fi)) ◦ (β, (gi)) is homotopic to the identity morphism.
3. Extension property for ANR-sequences
Suppose that S = {Xi,pji } is an ANR-sequence. For a space Y by YτS we denote the
following property: for every i there is j > i such that Yτpji .
Obviously, if l 6 i and k > j , then Yτpji implies Yτpkl .
We begin with the following obvious statements.
Proposition 1. If YτS , where S is an ANR-sequence, then AτS for every closed subset
A⊂ Y .
Proposition 2. If Y is a compactum, YτS and AτS for a closed subset A⊂ Y (S is an
ANR-sequence), then Y/Aτ S .
Proposition 3. Suppose that an ANR-sequence S = {Xi,pji } homotopy dominates an
ANR-sequence Ŝ = {X̂i, pˆji }. Then for any space Y the property YτS implies the property
Yτ Ŝ .
Proof. Let (α, (fi)) :S → Ŝ and (β, (gi)) : Ŝ→ S be morphisms such that the compo-
sition (α, (fi)) ◦ (β, (gi)) is homotopic to the identity morphism. Suppose that YτS and
show that Yτ Ŝ .
Let i ∈ N. Since the composition (α, (fk)) ◦ (β, (gk)) is homotopic to the identity
morphism, there exists n>max{i, βα(i)} such that figβ(i)pˆnβα(i) ∼ pˆni .
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Consider the commutative diagram
X̂βα(j)
gβ(j)
pˆ
βα(j)
βα(i)
Xα(j)
fj
p
α(j)
α(i)
X̂j
pˆ
j
i
X̂βα(i) gβ(i)
Xα(i)
fi
X̂i
where j > i satisfies the conditions:
(i) Yτpji ;
(ii) βα(j)>max{n, i}.
Let h :A→ X̂βα(j) be a map defined on a closed subset A of a space Y . Since YτS ,
there exists an extension h¯ :Y →Xα(i) of the map pα(j)α(i) gβ(j)h :A→Xα(i). We have
fi h¯|A = fipα(j)α(i) gβ(j)h∼ figβ(i)pˆβα(j)βα(i) h
= figβ(i)pˆnβα(i)pˆβα(j)n h∼ pˆβα(j)i h.
Since for any two homotopy maps the extendability properties are equivalent [6], this
immediately implies that the map pˆβα(j)i h can be extended over Y , i.e., Yτ pˆ
βα(j)
i . 2
Corollary. If ANR-sequences S and Ŝ are homotopy equivalent, then for any Y the
properties YτS and Yτ Ŝ are equivalent.
This corollary allows us to define the relation YτK for any K . Represent K as a limit
of an ANR-sequence S and define YτK as YτS . By corollary, this fails to depend on the
choice of S (see [2]). Note that for K ∈ ANR the introduced relation YτK coincides with
the Kuratowski relation.
Proposition 4. If ShK1 = ShK2, then for every Y the properties YτK1 and YτK2 are
equivalent.
4. Sum theorems
Proposition 5. If A is a closed subset of a space Y with AτS and Y \ Aτ S , where
S = {Xi,pji } is an ANR-sequence, then YτS .
Proof. Given i find j, k such that i 6 j 6 k, Y \ Aτpji and Aτpkj . Let g :B → Xk be
a map defined on a closed subset B of Y . There exists a map g′ :A→ Xj such that
g′|B ∩ A = pkj g|B ∩ A. The maps g′ and pkjg agree on B ∩ A, and therefore the map
g′ ∪pkj g :B∪A→Xj is well-defined. SinceXj ∈ ANR, there exists an extension g′′ of the
map g′ ∪ pkjg onto a closed neighborhoodU of A∪B . There exists a map h :Y \A→Xi
such that
h|((Y \A)∩U)= pji g′′|((Y \A)∩U).
The maps h and pji determine the map h′ :Y →Xj such that pkjg = h′|B . 2
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Proposition 6. Let Y =⋃ni=1 Yi , where Yi are closed subsets in Y such that YiτS . Then
YτS .
Proof. It is sufficient to consider the case n = 2. Given i , find j, k, k > j > i , such that
Y2τp
j
i and Y1τp
k
j . Let A⊂ Y be a closed subset and g :A→Xk a map. Set Am =A∩Ym,
m= 1,2. There exists a map g′ :Y1→ Xj such that pkjg|A1 = g′|A1. The maps pkj g|A2
and g′|(Y1∩Y2) coincide on the intersection of their domains and, consequently, determine
the map g˜ :A2 ∪ (Y1 ∩ Y2)→ Xj . Then there exists a map g¯ :Y2→ Xi such that pji g˜ =
g¯|(A2 ∪ (Y1 ∩ Y2)). Obviously, the maps pji g˜ and g¯ determine the map G :Y →Xi such
that G= pki g, i.e., Yτpki . 2
An ANR-sequence S = {Xi,pji } is said to be movable if for every i there exists j > i
such that the following condition holds:
(∗)ji for every map f :Y →Xj and for every k > j there exists a map f˜ :Y →Xk such
that the maps pki f˜ and p
j
i f are homotopic.
Lemma. Suppose that S = {Xi,pji } is a movable ANR-sequence. Then for every i there
is j > i such that for every Y with YτS we have Yτpji .
Proof. Given i find j > i such that (∗)ji from the definition of movability holds. Now, if
YτS , then there is k > j such that Yτpki . Given a map g :A→ Xj defined on a closed
subset A of Y , we can find a map g˜ :A→ Xk such that pki g˜ ∼ pji g. Since the map pki g˜
admits an extension onto Y , so does the map pji g. 2
The following result is the countable sum theorem in the case of movable ANR-
sequences.
Theorem 1. Suppose that S = {Xi,pji } is a movable ANR-sequence and Y =
⋃∞
n=1 Yn,
where Yn are closed subsets of Y such that YnτS . Then YτS .
Proof. By Proposition 1, we may assume, without loss of generality, that Y1 ⊂ Y2 ⊂ · · ·.
Fix i and find j, k, i 6 j 6 k, such that:
(i) for every Z with ZτS we have Zτpji ;
(ii) for every Z with ZτS we have Zτpkj ;
(iii) (∗)ji from the definition of movability holds.
Let f :A→Xj be a map defined on a closed subsetA of Y . Set g0 = f and extend g0 to
a map G0 :U0→Xj , where U0 is a closed neighborhood of A. Find a map h0 :U0→Xk
such that pki h0 ∼ pji G0. Since Y1τpkj , there exists a map g1 :U0 ∪ Y1 → Xj such that
g1|U0 = pkjh0.
Extend the map g1 to a map G1 :U1→ Xj , where U1 is a closed neighborhood of the
set U0 ∪ Y1. There exists a map h1 :U1→Xk such that pki h1 ∼ pji G1.
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By induction, we can define a sequence (Un) of closed subsets of Y , sequences of maps
(gn :Un−1 ∪ Yn→Xj), (Gn :Un→Xj ), (hn :Un→Xk) satisfying the properties:
(a) Un is a closed neighborhood of Un−1 ∪ Yn;
(b) Gn|(Un−1 ∪ Yn)= gn;
(c) pki hn ∼ pji Gn;
(d) gn|Un−1 = pkjhn−1.
Note that
pki hn+1|Un ∼ pji Gn+1|Un = pji gn+1|Un = pji pkj hn = pki hn.
Denote by Hn :Un × [0,1] → Xi a homotopy such that Hn(y,0) = pki hn(y) and
Hn(y,1)= pki hn+1(y).
Let ϕ :Y → [0,+∞) be a function satisfying the properties: ϕ(Un) ⊂ [0, n] and
ϕ(Y \ IntUn)⊂ [n,+∞). Define the map F :Y →Xi by the condition
F(y)=Hn(y,ϕ(y)− n+ 1) whenever ϕ(y)⊂ [n,n+ 1].
Obviously, F is well-defined and continuous. Besides, if y ∈ A, then ϕ(y) = 0 and
F(y) = H1(y,0) = pki h1(y) and, consequently, F |A = pki h1|A ∼ pki h0|A ∼ pji G0|A =
p
j
i f . Thus, the map p
j
i f has an extension onto Y . 2
Theorem 2. Let S = {Xi,pji } be a movable ANR-system, Y = lim{Yk, qlk}. If YkτS for
every k, then YτS .
Proof. Let i ∈ N. By movability of S , there exists j > i such that for every s > j and
every map f :C→Xj there exists a map g :C→Xs such that gpsi ∼ fpji .
Show that Yτpji . Let A be a closed subset of Y and Ak = qk(A) (by qk :Y → Yk we
denote the limit projection). Given a map h :A→Xj , we factor it, up to homotopy, through
some Ak , h ∼ h′pk|A for a map h′ :Ak→ Xj . Since YkτS , there exists s > j such that
psi g ∼ pji h′, then there is a map F :Yk→Xi such that F |Ak = psi g. Then
Fpk |A= psi gpk|A∼ pji h′pk |A∼ pji h. 2
5. Other properties
Dranishnikov [3] proved that YτK implies Y τ SPnK . Recall that SPn denotes the
symmetric power functor defined as follows. For a space X the space SPnX is the orbit
space of the nth power Xn by the permutations:
(x1, . . . , xn) 7→ (xσ(1), . . . , xσ(n)).
The orbit containing (x1, . . . , xn) is denoted by [x1, . . . , xn]. The set {x1, . . . , xn} is
called the support of an element [x1, . . . , xn] and is denoted by supp([x1, . . . , xn]). For
a map f :X→ Y the map SPnf : SPnX→ SPnY is defined as follows:
SPnf [x1, . . . , xn] =
[
f (x1), . . . , f (xn)
]
.
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Since the functor SPn preserves ANR-spaces [1], for every ANR-sequence S the
sequence SPn(S) is also an ANR-sequence.
Theorem 3. If YτS , then Y τ SPn(S).
Proof. Fix i and define a sequence i = i0 6 i1 6 · · · 6 in such that for every α =
0,1, . . . , n− 1 we have Yτpiαiα+1 . Show that Y τ SPn(p
j
i ), where j = in.
Let A⊂ Y be a closed subset and f :A→ SPn(Xj ) a map. We consider Xj as a closed
subset of an AR-space L and extend the map f to a map g :Y → SPn(L) (the functor SPn
preserves the class of AR-spaces [1]). The set
Γg =
{
(y, l) ∈ Y ×L | l ∈ supp(g(y))}
is the graph of the SPn-valued map g. Let pi1 :Γg→ Y and pi2 :Γg→L be the restrictions
onto Γg of the projections. Let M = pi−11 (A) and Yα = pi−11 ({y ∈ Y | | supp(g(y))|6 α}),
α = 1, . . . , n. There exists an extension hn :U→Xin of the map pi2|M :M→Xin onto a
closed neighborhood U of M in Γg. Since Y1 is homeomorphic to a closed subset of Y ,
we have Y1τpinin−1 and there exists a map h˜n−1 :Y1→ Xin−1 such that h˜n−1|(U ∩ Y1) =
p
in
in−1 |(U ∩ Y1). The maps h˜n−1 and p
in
in−1hn coincide on the intersection of their domains
and, thus, determine the map h¯n−1 :U∩Y1→Xn−1. There exists an extension hn−1 :U1→
Xn−1 of the map h¯n−1 onto a closed neighborhoodU1 of the set M ∪ Y1 in Γg .
Note that Y2 \ IntU1 is the discrete sum of subsets homeomorphic to closed subsets of Y .
Thus, Y2 \ IntU1 τ pn−1n−2 and, consequently, there exists a map h˜n−2 :Y2 \ IntU1→ Xin−2
such that h˜n−2|(U1∩Y2)= pin−1in−2 |(U1∩Y2). As above, the maps h˜n−2 and p
in−1
in−2hn coincide
on the intersection of their domains and, thus, determine the map h¯n−2 :U ∪ Y2→Xin−2 .
Proceeding in this way, we will find a map h0 :U ∪ Yn = Γg→ Xi0 such that h0|M =
p
in
i0
pi2.
Finally, define the map G :Y → SPnXi0 by the formula:G(y)= SPn(h0)(g(y)), y ∈ Y .
It is easy to see that G|A= SPn(pji )f . 2
Note that an analogous result can be obtained for some other functors of finite degree;
see [1].
Theorem 4. Let K be a compactum, K = lim{Ki,pij } and YτKi for every i ∈ N. Then
YτK .
Proof. Suppose that Ki = limTi and K = limR, where Ti = {Xiα, qαiβ}, i ∈ N, and
R = {Ls, rts } are ANR-sequences. The limit projections of the ANR-sequences Ti and R
will be denoted by qiβ and rs , respectively.
Fix s ∈ N and denote by L the identity ANR-sequence {L,1L}, where L = Ls . There
exists i ∈ N such that the map rs :K→ Ls can be factored, up to homotopy, through Ki ,
rs ∼ gpi , for some map g :Ki→ Ls . Let
g¯ = (gk :Kiα(k)→ Ls)k∈N
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be a morphism of the ANR-sequence Ti into the ANR-sequence L associated with the map
g and
h¯= (hk :Lt(α(k))→Kiα(k))k∈N
a morphism of the ANR-sequence R into the ANR-sequence Ti associated with the map
pi . Note that r¯ = (rts )t>s is a morphism of R into L associated with the map rs .
Let k ∈N. Since YτKi , there exists l > k such that Y τ qα(l)iα(k).
Since r¯ ∼ g¯h¯, there exists m> t (α(l)) such that rms ∼ gkqα(l)iα(k)hlrmt(α(l)).
To show that Y τ rms consider a map f :A→ Lm defined on a closed subset A of Y .
Since Y τ qα(l)iα(k), there exists a map f
′ :Y →Kiα(k) such that qα(l)iα(k)hlrmt(α(l))f = f ′|A. Let
f ′′ = gkf ′, then
rms f ∼ gkqα(l)iα(k)hlrmt(α(l))f = gkf ′|A= f ′′. 2
Theorem 5. Let K,L be compacta,K ⊃ L. If YτK and YτL, then YτK/L.
Dranishnikov [3] proved the corresponding result for K,L ∈ ANR. The proof of
Theorem 5 can be obtained by easy modification of his arguments.
6. Extension dimension
Dranishnikov [3] introduced the notion of extension dimension function whose values
are the extension types of CW-complexes (a detailed exposition can be found in [4]). Here
we generalize this notion replacing CW-complexes by ANR-systems and compacta.
Given two ANR-systems, S and Ŝ , we write S 6 Ŝ if YτS implies Yτ Ŝ , for every
Y . The ANR-systems S and Ŝ are called equivalent, whenever S 6 Ŝ and Ŝ 6 S . The
equivalence class that contains S is called the extension type of S and is denoted by [S].
The partial order relation 6 between ANR-systems naturally generates the partial order
relation between the extension types of ANR-systems. The extension dimension of Y is
less than or equal to [S], ext-dimY 6 [S], if YτS .
Similarly, we define the notion of the extension type of a compactum, the partial order
relation between the extension types of compacta, and the extension dimension with its
values in the extension types of compacta. Note that if K ∈ ANR, then the inequality
ext-dimY 6 [K] coincides with that introduced by Dranishnikov. If the shape types of
compacta are equal, then so are their extension types.
It is easy to see that if ext-dimY 6 [L] for a 1-dimensional CW-complex L, then
dimY 6 1. The following example shows that there exists an infinite-dimensional
compactum Y with ext-dimY 6 [K] for some compactum K with dimK = 1. Let
S = {Xi,pji }, where Xi = S1 ∨ S1 for every i and the map pi+1i is defined by the
following manner. Denote by a, b the canonical generators of the fundamental group
pi1(Xj ) represented by two canonical inclusions of S1 into S1 ∨ S1. The map pi+1i sends
each of the generators a, b into the element aba−1b−1. It is easy to see that if Y is
non-Abelian, then YτS . This means that for every non-Abelian compactum Y we have
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ext-dimY 6 [K], where K = limS . Note that dimK = 1. It is proved in [5] that there
exist infinite-dimensional non-Abelian compacta.
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